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Abstract

A number system uses a set of digits and sign to represent all the numbers. Different number systems use
different amount of digits and sign. To compare the leanness of a number system, the cardinality of the
complete set of digits and sign are employed in this work. The 01 binary number system is used by almost
all the modern computers. It can represent all the real numbers by two digits 0, 1 and a sign (-), which
means its cardinality is 3. Thus, the 01 binary system is not a true binary system. After reviewing all the
existing number systems it is found that no true binary system exists for real numbers. All the current
binary number systems either don’t have radix 2, or have cardinality 3. In this paper, a true binary system
for real numbers, with both radix and cardinality 2, is invented based on the principle of Yin-Yang.
Surprisingly, this binary system can not only represent all real numbers without using a sign, but also
perform arithmetic and Boolean operations without any problem. Furthermore, due to its radix being 2,
this true binary system is compatible with the 01 binary system and many operations are interchangeable
between the two systems. It is expected that this true binary system will be applied in the fields of number
representation, computer science and cryptography.
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1. Introduction

There are many different positional number systems. The conventional decimal number system
uses 10 digits 0,1...9 to represent numbers and a sign to indicate if it is positive or negative, such
as,

—987.12=—-(9%x102+8%x 101 +7x10°4+1x 1071+ 2 x 1072).

The 01 binary system is a base-2 system. It can represent every real number using 2 digits and a
sign. This system is widely used in the modern computer science*®, such as,
—(110.01), = —(1x224+1x 214+ 0x2°40x 271+ 1x 272),

The sign has caused huge complexity on representing numbers in the modern computer system,
since the modern computer system relies on two-stage, on and off, to represent all the number. In
order to represent both positive and negative numbers, several methods have been used, such as
signed magnitude, two’s complement, one’s complement notations etc. Unfortunately, each
method has its own advantages and disadvantages’.
There are some number systems that don’t need sign inherently, as illustrated in below
generalized numeral system.
A generalized numeral system in base b can be expressed as

(..ap0109.a_10_5 ..)p, =a; Xb? +a; X b +aygxb®+a_; xbt+a_, xb7?,

where b can be integers, non-integers, positive numbers, negative numbers, irrational numbers
and complex numbers etc. In the generalized numeral system, the sign is not required for every
number system, since both positive and negative numbers can be represented without sign in a
negative based system, such as,

(1011)_, =1 X (=23 +0x (—-2)2 + 1 x (-2)' + 1 x (-2)° = —-9.

The complex-base number systems don’t need sign as well due to that negative number can be
obtained by the multiplication of imaginary numbers. A “binary” complex system based on
++/2i can represent every complex number using only 0 and 1°. Another “binary” complex
number system based on i — 1 can also represent every complex number using only 0 and 1%,
such as,

(10D);_; =1x({—-1D?+0x(—-D'+1x({—-1)°=1-2i,

Unfortunately, both the negative and complex based number systems are not based on positive
integers, thus, their applications are very limited.

The balanced ternary system is a base-3 system. It can represent every real number using —1,0, 1
without a sign and some early computers were developed based on this system™. The balanced
binary system is a base-2 system. It can represent every real number using -1, 0, 1 without a
sign***®. The drawback of these two balanced number systems is that they still need 3 symbols to
represent real numbers, which is the same amount as the 0, 1 and sign binary system.
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In summary, a lot of efforts have been put on getting a positive integer based system without
sign. However, to represent real numbers, all the existing positive integer based systems need use
at least 3 symbols, which doesn’t match the two-stage of a computer system. There are some
negative and complex based number system that can represent all numbers using 2 symbols, but
their radixes are not 2 and they are not convenient on general usage. Thus, there exists no true
binary system for real numbers.

In this work, a true binary system that can represent real numbers using just two symbols without
sign will be demonstrated.

2. Cardinality of a positional number system

A positional number system is represented as
(p,Z)

with radix p and set of digits Z, possibly with a sign +**. For example, the common 01 binary
system has

p=2
and
Z ={0,1}.
It is represented as
(2,{0,1}).

Obviously, without the sign, (2,{0,1}) can only represent non-negative numbers, i.e.
(2,{0,1}) forany x € R,

where R represents the domain for real numbers and R, represents the domain for non-negative
real numbers.
To represent all real numbers, the sign is required. Here we define Z, as the complete set of
symbols of a numeral system, which include the necessary sign as well.
7 = { Z if the system doesn’t need sign;
¢ ZU{t} if the system need sign.

Thus, the positional number system pair becomes
(0, Zc)-

In above notation, there is no need to say if the system need a sign or not, since Z, is the
complete set of all symbols.
Here, we define the cardinality of a positional number system to be the number of elements in set
Z. e,

card({p, Z)) = |Zc|.
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For binary numeral system representing non-negative numbers , we have
Z.=7Z=1{01}.

For binary numeral system representing real numbers, we have
Z,=Zu{+}=1{01,%}.

Thus, we have
(2,{0,1,1}) forany x € R.

In above notation, the number system and its domain have been shown together, i.e. in below
general form,
(p,Z.) forany x € D .

Since a number system is always related to a domain, we will use above notation to clearly show
a number system and its domain.
The cardinality of a number system can be calculated, such as

|Z.| = |{0,1, £}| = 3,

i.e. there are 3 symbols in the number system (2,{0,1, +}) for any x € R.
Similarly, the balanced binary system can be represented as
(2,{—1,0,1}) forany x € R.

We have
|ZC| = |{_11011}| = 31

i.e. there are 3 symbols in the number system (2,{—1,0,1}) for any x € R.

The cardinality of a positional number system can be used to compare different number systems.
The smaller the cardinality, the leaner the system. For any € D , if there are two number systems
(p1,Z:1) and (p,, Z.,), we can compare them as below,

if [Ze1| = |Zcz| , then (pq, Z¢q) is as lean as (p,, Z¢,);

if |Zeq| < |Ze2| , then (py, Zc4) is leaner than (p,, Z¢y).

If a number system has cardinality |Z.|, it is possible to get a new number system which has a
bigger cardinality than |Z,| for that domain by adding some redundancy into the new number
system. Though, it is not always true vice versa, since it is not always possible to make a number
system leaner if that number system is already the leanest one in the field. Thus, finding the
leanest system for a specific field is critical to obtain other possible number systems.
It is easy to see number systems

(2,{0,1,1}) forany x € R
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and
(2,{—1,0,1}) foranyx € R

are applied in the same field, i.e. x € R and they have the same value of |Z,|, i.e. 3. Thus, these
two numeral systems are as lean as each other.

It is not hard to check and find that, for € R, all the existing positive integer based number
systems having |Z.| = 3.

The concept of cardinality can be applied to the computer system as well, since Z_. is defined as
the complete set of symbols, not only digits. The cardinality of the computer system can be
calculated as,

1Zc| = [{on, of f}| = 2.

Thus, we can clearly see that the gap between the existing binary system and the computer
system. The computer system is true binary, since it has only 2 symbols though the existing
binary system has 3 symbols. These two systems are not bijective. To close this gap, there are
two possible routes.

Route 1: Bring up the |Z.| of the computer system to 3, to match the number system. There are
mainly 3 solutions in this route.

1) Use a 3-state computer such as

Z. = {off, low, high}
or
Z. = {negative, off, positive}

2) Define an extra sign bit

Z. = {on,of f,sign}.

3) Use the combination of on and off to form 3 symbols such as in the redundancy
binary representation’>™®, i.e. ,

Z.={on—on,on—off,of f —of f}

It is not hard to see that Route 1 is making the whole system more complicated. Unfortunately,
most of the existing solutions are taking this route.
Route 2: Find a new binary number system (2, Z.) for any x € R with |Z.| = 2, to match the
computer system.
Obviously, Route 2 is reducing the cardinality to simplify the system. So, it is more preferred
than route 1. The challenge is that a new binary system need be found and work well, if this new
binary system ever exists.
In this work, I will take Route 2 to close the gap. | will use a new way to obtain a true binary
system which meet below requirements,

(2,Z.) forany x € R with |Z,| = 2.
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Obviously, this true binary system will become the leanest base-2 binary system for real
numbers. In the end of this work, you will understand why the traditional well-established
number system theories don’t really help here. Sometimes they are even misleading on finding
this true binary number system, such as it is mentioned that there are only two systems of binary
coding, namely (2, {0, 1}) and (—2, {0, 1})**.

Before moving forward, let’s jump out of the box for the time being and goes back to the origin
of the modern binary number system.

3. Binary and Yin-Yang

The modern binary numeral system was invented by Gottfried Wilhelm Leibniz*’. In his work,
Leibniz noticed the similarity between Yin-Yang and the 01 binary system*’®. In the Yin-Yang
And Eight Trigrams Graph, Yin is represented as a broken line - - and Yang is represented as a
whole line —. Combinations of Yin and Yang comprise the Eight Trigrams 2z, Zz, ==, ==, 2=, =

Replacing Yin with 0 and Yang with 1, Leibniz noticed that the eight trigrams will become 000,
001,010, 011, 100, 101, 110, 111, as shown in Figure 1.

, 1000 0 |10
ljoor| 1 |1
1010 | 10 | 2
o an |3
|
|

- e e Ee WD e .

100 | 100 || 4
101 | 101 || &
110 | 110 || 6
IIREIIRR I

Figure 1. The similarity between the 01 binary and Yin-Yang noticed by Leibniz*’

4.Yin-Yang binary number system

After reviewing Leibniz’s work, one has to point out that, even if the 01 binary system is similar
to Yin-Yang, the 01 representation cannot reflect the true meaning of Yin-Yang. In Yin-Yang
theory, Yin means negative and Yang means positive’***. Yin and Yang are equal but opposite.
They are complementary to each other and can make up everything without resorting to a third
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party. Using O to represent Yin cannot show that Yin is opposite to Yang. In fact, O represents
neutral instead of negative. Based on the Yin-Yang theory, it is better to use -1 and 1 to represent
Yin and Yang than to use 0 and 1.
Thus, a true binary system, using -1 and 1 as the digits, is invented in this work, i.e.

(2,{—1,1}) forany x € R.

Surprisingly, this binary system works very well on number representation, as will be
demonstrated in this work.
Since this true binary system is based on the principle of Yin-Yang, we will call it Yin-Yang
binary system in this work. We will use 1 to represent -1, thus we have

Yin=-1=1,

and
Yang = 1.

The Yin-Yang binary system will be shown as
(2,{1,1}) forany x € R.

The decimal value of a number in Yin-Yang binary system can be calculated, such as,
11=(-1)x2'+(-1)x2°=-2-1=-3.

It is obvious that -3 is negative and it has been represented in the Yin-Yang binary system

without using the negative sign.

The decimal value of a fraction number can be calculated as well, such as,
11.11=1x2'+1x2°+ (-1)x 271 +1%x272=2+1-0.5+0.25 = 2.75.

A repeating number can also be calculated, such as,
A=111=1x 271+ 1x 2724123 4= B0, — = 1,

where the dot (-) above the number indicates a repeating number.
Similarly, we can calculate that below numbers are all equal to 0. Thus, 0 can be represented in
the Yin-Yang binary system even though it is not included in the basic digits,

1.i=11=1i=.11=0.

It is different from other non-zero positional number systems, such as in the bijective base
systems, an empty string is used to represent 0.
A real number x in decimal can be converted to y in the new Yin-Yang binary system by
following below procedure.

If x<0, y =-1.

Otherwise, y=1.

p=floor(logz|X|).
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x=x-2P.

Then, repeat below process until accuracy is met.
If x<0, y =-1.

Otherwise, y=1.
p=p-1.
X=x-2P.

The sequence of y gotten from this procedure will be the digits in the Yin-Yang binary system.
Table 1 shows an example of converting the decimal number 99 to Yin-Yang binary.

Table 1. Conversion of number in decimal to Yin-Yang binary

X Y | logyx| position 2position X-y/ 3 2PoSTor
99 1 64 6 =64 35

3B |1 5 2°=32 3

3 1 4 2'=16 -13
-13 -1 3 23-g 5

S |1 2 27=4 1
171 1 21=2 1

1 1 0 20=1 0

Based on the column of y, 99 in decimal is converted to 1111111 in the Yin-Yang binary
system.

Please refer to the Supplement Information for a code written in C language that can convert any
real number to Yin-Yang binary. Some typical numbers represented in different numeral systems
are shown in Table 2.
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Table 2. Some typical numbers represented in different numeral systems

Decimal 01 Binary Yin-Yang Binary
Need 11 symbols Need 3 symbols Iileed only 2 symbols
(0,1,2...9 and -) (0,1 and -) (1and 1) or (-1 and 1)

to represent all the | to represent all the real | to represent all the real numbers

real numbers numbers

0 0 1.1
1 1 1
2 10 11.1
3 11 11
4 100 11.1
5 101 111
6 110 111.1
7 111 111
8 1000 1111.1
9 1001 1111
10 1010 1111.1
-1 -1 1
2 -10 11.1
-3 -11 11
-4 -100 11.1
-5 -101 111
-6 -110 111.1
-7 -111 111
-8 -1000 111.1
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-9 -1001 1111
-10 -1010 1111.1
0.1 0.00011 111111
0.2 0.0011 11111
0.25 0.01 11
173 0.01 i1
05 0.1 1
n (3.14159265...) 11.001001... 11.111111...
8848.13 10001010010000.001 11111111111111.111
-4305 -110101110.1 1111117111.1

5. Expandability

In the Yin-Yang binary system, we can find below relationship
1=11and1=11.

This relationship is obvious, since
—-1=-2+1and1=2-1.

Furthermore, above relationship can be expanded into multiple digits by replacing the leftmost
symbol with two symbols in the right side of the above equations, such as
1=11=111=1111111..,

and

Above relationship can be easily proven since 2™ = 2"*1 —2" (for any n€ R ). The
expandability of the Yin-Yang numbers is useful in the arithmetic operations, which will be
discussed in the following content.

6. Arithmetic operations
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The Yin-Yang binary numbers can perform all the arithmetic operations. It is easy to see below
addition operations are valid.

1+1=1.1
1+1=1.1
1+1=1.1
1+1+1=11
1+1+1=11
1+4141=
1+1+1=1

From above addition operations, we can find the addition of 2 digits in Yin-Yang binary will still
yield 2 digits. But, the addition of 3 digits will yield only 1 or 2 digits. Thus, as a thumb of rule,
we will change the addition of 2 digits into the addition of 1 or 3 digits, by employing the
expandability, as exemplified in Table 3.
Since subtraction is inverse to addition, multiplication is repeated addition, and division is
inverse to multiplication, we can expect these operations will be successfully performed if the
addition operation can be successfully performed.
The three basic subtractions are:

1-1=1+1=1.1

1-1=1+1=1.1

The three basic multiplication operations are:
1x1=1

=1
=1
Il
[N

X

(U

1
I

1

X

The three basic division operations are:
1/1=1

I
R

1/1

[N
~
=
Il
=

296



Naturalis Scientias Issue 04 Volume 01 December, 2024

Examples of general arithmetic operations are shown in Table 3.

Table 3. Addition, subtraction, multiplication and division operations in Yin-Yang binary

Addition Subtraction Multiplication Division
111 -5 111 -5 1115 11 -1
+ 11 3 - 11 3 X 11) 3 3”11@ -5
111 1 111 .1 111 - 11
+ 1 - 1 +111 1
111.1 111 .1 111 - 11
1 1 111 11 1(-2
+ 1 -1 - 1
111 1{-2 111 . 18 111
11 i]-2 + 11
111
11
+ 1
1111]-15

The operations are illustrated by -5+3, -5-3, -5x3 and -5/3.
7. Boolean operations

Boolean operations can also be performed in Yin-Yang binary. There are 3 basic Boolean
operations, i.e. AND, OR and NOT. More complicated Boolean algebra can be achieved by
combing these three basic Boolean operations®’.

AND is defined as X AND Y=1 if X=Y=1, otherwise X AND Y=1.

Here, X AND Y is similar to minimum operation, i.e., X AND Y =min(X, Y).

OR is defined as X OR Y=1 if X=Y=1, otherwise X OR Y=1.

Here, X OR Y is similar to the maximum operation, i.e. X OR Y=max(X, Y)

NOT is defined as NOT X=1 if X=1 and NOT X=1 if X=1.

Here, NOT X is similar to the negative operation, i.e. -X.
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We can see the AND and OR operations are similar to those in 01 binary system. The NOT
operation is the negative operation and it is more instinct than that in 01 binary system.
The Truth Table is summarized in Table 4.

Table 4. The Truth Table in Yin-Yang binary

X Y XandY XorY X | notX
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1

1 1 1 1

It is noted that the Boolean Operations in Yin-Yang binary can be easily converted to Zadeh
Operation for Fuzzy logic’’*°, except that the Not operation should also be the Negative
Operation, as shown in Table 5.

Table 5. Fuzzy logic operations in Yin-Yang binary.

Boolean Operations Fuzzy Logic Operations
X AND Y min(X, Y)

XORY max(X, Y)

NOT X -X

8. Discussion

So far, we have obtained a true binary number system which meets the requirement
(2,Z,) forany x € R with |Z.| = 2,

i.e., the Yin-Yang binary system
(2,{1,1}) =(2,{—1,1}) forany x € R.

This number system can represent every real number without sign. Furthermore, it can perform
all the arithmetic and Boolean operations easily. Besides that, it also has below advantages:

1) The negative of a number can be obtained by exchanging 1 and -1.

2) The sign of a number is given by its most significant digit, except 0, which can be either
positive or negative.
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3) Since the system is based on 2, it is compatible with the current 01 binary system when
performing arithmetic operations. Thus, many operations could be performed seamlessly
between the two systems, as shown in Table 6.

Table 6. Arithmetic operations between Yin-Yang Binary and 01 binary are compatible
1 1 Yin-Yang Binary

+ 1 0 01 Binary

1 ” Result

The disadvantage of this number system is that it need use infinite repeating fraction to represent
even integers. But, as most of real numbers are approximated in the 01 binary system, the
accuracy of any number in the Yin-Yang binary system can be represented accurate enough and
it is only limited to the capacity of the computer.

Here let’s discuss why this true binary number system can only be obtained by a non-traditional
way. In traditional theories of number systems, there are many stereotypes, such as most number
systems include 0 in the system, or the digits are continuous integers. For example, the digits of a
balanced number system base-b is generalized as,

—kto(b—1)— kwhere k= EJ

We can see, as a balanced number system, Yin-Yang binary system doesn’t follow above
generalized rule. Thus, it may explain why it was not found before.

As a true binary system for representing real number, Yin-Yang binary system have a lot of
potential applications. In many cases there are only two symbols available, such as a coin having
only two sides, a magnet having only two poles and a black white printer can only show two
colors. Thus, using only 2 symbols to represent as much information as possible is often not only
preferred, but also required®* ™. Yin-Yang binary system provides the mathematical foundation
for using only 2 symbols in a base-2 system to represent all real numbers, which has never been
achieved before by any other number systems.

9. Conclusions

The cardinality of the complete set of digits and sign is defined in this work to compare the
leanness of different number systems. It is found that the existing binary systems all having
cardinality 3, thus they are not true binary systems.

A true binary number system based on the principle of Yin-Yang is introduced in this work.
Comparing to the existing binary systems, Yin-Yang binary system has cardinality 2 and uses
only 2 symbols, thus it is a true binary system. It can not only represent all real numbers, but also
perform arithmetic and Boolean operations without any problem.
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Appendix:

Below is a code written in C language that can convert any real number to the Yin-Yang binary number
system.

/**************** COﬂVEI’t dec'mal to ylnyangC ***************/
#include <stdio.h>
#include <math.h>

float x; /*Any real number*/
inty; /*Yin-Yang binary*/
int p; /*Digit position in Yin-Yang binary */

int main() {
printf("Please input any real number, then press carriage return.\n");
scanf("%f",&x);

printf(*\n%f in decimal is \n", x);

y=1,
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if(x<0) y=-1;
p=floor(log2(fabs(x)));
if(fabs(x)<1) {
printf(". ");
p=-1;
}
printf("%d "y);

while(p>-10){
X=X-y*pow(2,p);
if(p==0) {
if(fabs(x)<1e-6) break;
printf(". ");
}
y=1;
if(x<0) y=-1;
printf("%d "y);
p=p-1;
}
printf(*\nin Yin-Yang binary.\n");
return 0;

/' nnnnnnn "End of the Code****************************/
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